First we introduce and study some general mathematical properties of a new generator of continuous distributions with two extra shape parameters called the odd generalized half-Cauchy family. A second goal, we introduce the new log-generalized odd half-Cauchy heteroscedastic regression model with censored data, which represents a parametric family of models that includes as sub-models several widely known regression models that can be applied to data with no homogeneity of variance. Maximum likelihood estimation of the model parameters with censored data as well as a simulation study are investigated. We also prove empirically the flexibility of the new family by means real data sets.
Introduction
In recent years there has been an increased interest in defining new generators for univariate continuous distributions by introducing one or more additional shape parameter(s) to the baseline model. This induction of parameter(s) has been proved useful in exploring tail properties and also for improving the goodness-of-fit of the proposed generator family. Such distributions have been constructed by adding new parameters to a baseline cumulative distribution function (cdf) to obtain a new family of asymmetric distributions that are analytically more flexible. Some well-known generators are the beta-G by Eugene et al. (2002) , gamma-G by Zografos and Balakrishanan (2009) , Kumaraswamy-G by Cordeiro and de Castro (2011) , McDonald-G by Alexander et al. (2012) , the log-beta generalized half-normal by Pescim et al. (2013) , the Zografos-Balakrishnan-G family by Nadarajah et al. (2014) , flexible models generated by gamma random variables by and generalized Weibull family of distributions by Cordeiro et al. (2015) .
First, we introduce a new family of distributions based on the half-Cauchy (HC) distribution. The Extended Generalized Odd Half-Cauchy-G ("EGOHC-G for short") generator with two extra positive parameters α and β is defined by the cdf
where α and β are positive shape parameters and ξ ξ ξ is a vector of parameters for the baseline G. Let g(x; ξ ξ ξ ) = dG(x; ξ ξ ξ )/dx be the baseline probability density function (pdf). The density function corresponding to (1. If α = β we obtain as a special case the Generalized Odd Half-Cauchy-G (GOHC-G) family (Cordeiro et al., 2017) . Furthemore, the basic motivations for using the EGOHC-G family in practice are the following:
• to make the kurtosis more flexible compared to the baseline model;
• to produce a skewness for symmetrical distributions;
• to construct heavy-tailed distributions that are not longer-tailed for modeling real data;
• to generate distributions with symmetric, left-skewed, right-skewed and reversed-J shaped;
• to define special models with all types of the hazard rate function (hrf);
• to provide consistently better fits than other generated models under the same baseline distribution.
For a given probability u ∈ (0, 1), we obtain the corresponding quantile of X, say Q(u), by inverting F(x) = u in equation (1.1). Then, for each u, we have to solve numerically the nonlinear equation given by G(x; ξ ξ ξ ) α 1 − G(x; ξ ξ ξ ) β = tan
.
In practical applications, the response variable is affected by explanatory variables, regression models can be proposed in different forms in survival analysis. Among them, the location-scale regression model (Lawless, 2003) is distinguished and it is frequently used in clinical trials. In the context, some distributions have been used to analyze censored data. For example, Ortega et al. (2014) defined a log-linear regression model for the odd Weibull distribution with censored data, Braga et al. (2016) proposed the odd log-logistic normal distribution with applications in analysis of experiments and da proposed the log-odd log-logistic Weibull regression model. Thus, using the same approach adopted in this work, a distribution obtained from a generated EGOHC-G family will be expressed in the form of models belonging to the location-scale models.
Violation of the homogeneity of the error variances can have adverse consequences for the efficiency of estimators. In this way, we also propose a heteroscedastic regression model on the basis of the log-EGOHC-G distribution (parameterized in a convenient way), where both location and dispersion parameters vary across observations through regression structures. The log-EGOHC-G regression model can be used for modeling problems with censoring and uncensoring data. It should be mentioned that censored data is very common in lifetime because of time limits and other restrictions on data collection.
The paper is organized as follows. Section 2 provides some special distributions in the EGOHC family. In Section 3, we derive explicit expressions for the ordinary and incomplete moments, moment generating function (mgf) and mean deviations. Some inferential tools are discussed in Section 4. The performance of the maximum likelihood estimators (MLEs) for a special model is also investigated by a simulation study. In Section 5, we present a generalization of heteroscedastic regression models based on the EGOHC family. In Section 6, we fit some EGOHC-G distributions to three real data sets to prove empirically the potentiality of the new family. Finally, Section 7 ends with some conclusions.
Special EGOHC-G distributions
In this section, we present four special EGOHC-G models. The cdf (1.1) and pdf (1.2) of X will be most tractable when G(x) and g(x) have simple analytic expressions in all examples below, α and β are positive shape parameters.
The EGOHC-W model
Taking G(x) to be the Weibull cdf with scale parameter λ > 0 and shape parameter c > 0, say
A random variable having pdf (2.1) is denoted by X ∼ GOHC-W(α, β , λ , c). For c = 1, we obtain the generalized odd half-Cauchy-exponential distribution. Plots of the pdf and hrf of the EGOHC-W model for selected parameter values are displayed in Figure 1 . We provide in Figures 2a-b a numerical investigation to identify how the parameter values change the shapes of the pdf of X for some parameter ranges. To identify the shapes of the pdf, the signals of the numeric derivatives were obtained determining whether the pdf is increasing or decreasing in a range, being possible to determine the modal, bimodal, decreasing and other shapes. Based on these plots, we can obtain 
The EGOHC-Gu model
The cdf of the Gumbel model is given by (for
The GOHCGu density can be expressed as
where z = (x − µ)/σ , µ ∈ R is the location parameter and σ > 0 is the scale parameter. Plots of the EGOHC-Gu density function for some parameter values are displayed in Figure 3 .
The EGOHC-Ga model
The gamma cdf (for x > 0) with shape parameter a > 0 and scale is the incomplete gamma function. The EGOHC-Ga pdf becomes (for x > 0) is given by
The EGOHC-LL model
Consider the log-logistic (LL) distribution with shape parameter a > 0 and scale parameter γ > 0, where the pdf and cdf (for x > 0) are
respectively. By inserting these expressions into (1.2) gives the EGOHC-LL density function
A random variable having pdf (2.3) is denoted by X ∼ GOHC-LL(α, β , a, γ). Plots of the density function (2.3) and hrf for some parameter values are displayed in Figure 4 .
Moments, generating function and other measures
We hardly need to emphasize the necessity and importance of moments in any statistical analysis especially in applied work. Some of the most important features and characteristics of a distribution can be studied through moments (e.g., tendency, dispersion, skewness and kurtosis). The useful relation with the exponentiated class, used in the section, can be obtained directly from the authors. 
Moments
The nth moment of X can be expressed as
Explicit expressions for the moments of several exponentiated distributions are given by Nadarajah and Kotz (2006). They can be used to produce µ ′ n . Here, we give two examples. First, we consider the Gumbel distribution with cdf
The moments of the exponentiated Gumbel distribution with power parameter (k +1) can be obtained from Nadarajah and Kotz (2006) . The nth moment of the EGOHC-Gu distribution reduces to
Second, we consider the EGOHC-standard logistic (EGOHC-SL) distribution, where
is the beta function. When the moments do not exist, for example, for the Cauchy, Lévy and Pareto distributions, alternative measures for the skewness and kurtosis, based on qfs, are sometimes more appropriate. Recently, Ramires et al. (2016) studied the skewness and kurtosis of the log-sinh Cauchy distribution using the Galton's skewness and Morrs's kurtosis, respectively. The measures of skewness B and kurtosis M are given by
respectively.
We illustrate these measures by selecting the EGOHC-W distributions. 
Generating function and mean deviations
We provide two formulae for the mgf M(t) = E(e t X ) of X. A first formula for is obtained using the relation with the exponentiated class as
where M k+1 (t) is the mgf of Y k+1 . A second formula for can also be derived using the relation with the exponentiated class, but in terms of the present qf as
where ρ(t, a) can be evaluated (at least numerically) by
We can obtain the mgfs of several EGOHC-G distributions directly from equation (3.2). For example, the mgf of the EGOHC-SL distribution (for t < 1) is given by
The mean deviations about the mean (δ 1 = E(|X − µ ′ 1 |)) and about the median (δ 2 = E(|X −M|)) of X can be expressed as
respectively, where
is easily evaluated from (1.1) and m 1 (z) = ∫ z −∞ x f (x)dx is the first incomplete moment. To compute δ 1 and δ 2 , the expression for m 1 (z) can be derived from the relation with the exponentiated class as
where
Equation (3.4) is the basic quantity to determine the mean deviations of the exp-G distributions. Hence, the mean deviations in (3.3) depend only on the exp-G mean deviations. As an alternative,
In a similar way, the mean deviations of any EGOHC-G distribution can be determined from equation (3.5) . For example, the mean deviations of the EGOHC-SL distribution are obtained by using the generalized binomial expansion from the function
Maximum likelihood estimation
In this section, we determine the maximum likelihood estimates (MLEs) of the EGOHC-G parameters from complete samples only. Let x 1 , . . . , x n be a random sample of size n from the EGOHC-
where g(x i ; ξ ξ ξ ) and G(x i ; ξ ξ ξ ) are defined in Section 2. The MLE θ of θ can be determined by maximizing the log-likelihood presented in last equation. Iterative techniques such as the Newton-Raphson type-algorithms are commonly adopted to estimate θ . We employ the numerical NLMixed in SAS procedure.
We can compute the maximum values of the unrestricted and restricted log-likelihoods to obtain likelihood ratio (LR) statistics for testing some special models of the proposed family. Tests of the hypotheses of the type H 0 : ψ = ψ 0 versus H : ψ ̸ = ψ 0 , where ψ is a subset of parameters of θ , can be performed through LR statistics in the usual way.
Simulation study: EGOHC-W model
An easy way to validate the approximate normal distribution for θ is by simulating a specific distribution of the new family of distribution. Here, the EGOHC-W model is selected as an example. We use equation (1.3) to simulate the EGOHC-W(α = 0.4, 5, β = 0.8, 5, c = 3, λ = 5) model by taking u as a uniform random variable in (0, 1) for n = 50, 150 and 300. For each sample size, we evaluate the MLEs of the parameters. Then, we repeat this process 1,000 times and compute the averages of the estimates (AEs), biases and mean squared errors (MSEs). The simulation results are reported in Table 1 . The figures in Table 1 indicate that the MSEs and the biases ofα,β ,ĉ andλ decay toward zero when the sample size increases for all settings of α and β , as expected under first-under asymptotic theory. When n increases, the AEs of the parameters tend to be closer to the true parameter values. This fact supports that the asymptotic normal distribution provides an adequate approximation to the finite sample distribution of the MLEs. Figure 6 displays the true densities at selected parameter values and the density functions evaluated at the average values of the MLEs given in Table 1 for n = 50. These plots are in agreement with the first-order asymptotic theory for the MLEs and they show a the fast convergence even for small sample sizes.
The heteroscedastic regression model
The last decade is full of works on generalized classes of regression models, which are always precious for applied statisticians. In many practical applications, the lifetimes are affected by explanatory variables such as the cholesterol level, blood pressure, weight and many others. Parametric models to estimate univariate survival functions and for censored data regression problems are widely used. A regression model that provides a good fit to lifetime data tends to yield more precise estimates of the quantities of interest. In the other hand, a standard assumption in regression analysis is the homogeneity of the error variances. Violation of this assumption can have adverse consequences for the efficiency of estimators, and then it is important to check for heteroscedasticity whenever it is considered a possibility. Let X be a random variable having the pdf (1.2) with x > 0. A class of heteroscedastic regression models is characterized by the fact that the random variable Y = log(X) has a distribution wherein the location µ(v) and scale σ (w) parameters depend only on the explanatory variable vectors v and w, which may be identical or not. The main idea of heteroscedastic models is to capture the effect of explanatory variables in the mean and variability of the response variable. If these explanatory variables affect only the response variable, the class of location regression models appear as a special case where only the location µ(v) parameter is modeled by explanatory variables.
The heteroscedastic regression model is defined by
where Z has the distribution that does not depend on v and w. The random variable Y (for y ∈ ℜ) has density function given by
where the functions G(·) and g(·) are defined in Section 2.
We refer to equation (5.1) as the Log-extended Generalized Odd Half-Cauchy-G (LEGOHC-G) family, say Y ∼
LGOHC-G(α, β , µ, σ ). The new family in the form of location and scale is able to define new regression models, which can be used in survival analysis and reliability.
For illustrative purposes, let X be a random variable having the EGOHC-W density function defined in Section 2.1. The random variable Y = log(X), re-parameterized in terms of µ = log(λ ) and σ = 1/c, has density function given by
where α > 0 and β > 0 are shape parameters, µ ∈ ℜ is the location parameter and σ > 0 is the scale parameter. We refer to equation (5.2) as the log-extended generalized odd half-Cauchy-Weibull
The survival function of Y is given by
Now, we define the standardized random variable Z = (Y − µ)/σ having the density function Consider a sample (y 1 , v 1 , w 1 ) , . . . , (y n , v n , w n ) of n independent observations, where each random response is defined by y i = min{log(x i ), log(c i )}. We assume non-informative censoring such that the observed lifetimes and censoring times are independent. Let F and C be the sets of individuals for which y i is the log-lifetime or log-censoring, respectively. Standard likelihood estimation techniques can be applied here. The log-likelihood function for the vector of parameters
and r is the number of uncensored observations (failures). The maximum likelihood estimate (MLE) θ of the vector of unknown parameters can be determined by maximizing the log-likelihood (5.6). We use the NLMixed procedure in SAS to calculate the estimate θ . Initial values for τ 1 are taken from the fit of the log-Weibull regression model.
The fit of the LEGOHC-W model gives the estimated survival function for y i S(y
Note that in the healing models already there is heterogeneity in the data because we always have two subpopulations, one formed by the failure data and another for censored data. However, we can test the assumption of homogeneity of variance, for the LEGOHC-W regression model based on the LR statistic. Following (5.5) and (5.6), we generalized the scale parameter σ by σ i , where σ i = exp(w T i τ 2 ) and w i is a vector of explanatory variable values. We assume that there exists a unique value σ 0 , then σ i = σ 0 and Y i ′s have constant variance. Hence, the LR test for the homogeneity of scalar parameter becomes the test of hypothesis expressed by H 0 :
Here α, β and τ 1 denotes the restricted MLEs of α, β and τ 1 , respectively, obtained from the maximization of (5.6) under H 0 : σ i = σ 0 . We can also use the LR statistic for comparing some special models with the LEGOHC-W model.
Simulation study: heteroscedastic LEGOHC-W regression model
Here, we evaluate the performance of the MLEs of the parameters in the heteroscedastic LEGOHC-W regression model given by (5.5) by means of a simulation study, by taking different sample sizes n = 50, 150 and 300. We consider model (5.5) where the model parameters are: α = 4, β = 5, µ = −14 − 5 x 1 and σ = 3 + 0.5 x 1 , where the variable x 1 is generated from a binomial (n,0.5) distribution. This configuration considers that the response variable Y is affected by the effects of two groups x 1i = 0, 1, and each group has different values of the location "µ" and scale "σ " parameters. The values of the response variable Y , denoted by y 1 , . . . , y n , are generated from the LEGOHC-W distribution using the quantile function (1.3) and, for each configuration of n, all results are obtained from 1,000 Monte Carlo replications. We present the results, where the location and scale parameters are defined by µ i = τ 10 + τ 11 x 1i , and σ i = exp(τ 20 + τ 21 x 1i ), respectively. The results of the Monte Carlo study in Table 2 indicate that the MSEs of the MLEs of the parameters decay toward zero when the sample size increases, as expected under first-order asymptotic theory.
Applications
In this section, we provide three applications to real data to prove empirically the flexibility of the EGOHC-G family. For the first two examples, the computations are performed using the goodness.fit subroutine in the AdequacyModel script of the R package. In the third application for censored data, the computations are done using the NLMixed subroutine of the SAS software.
Data: Actuarial sciences
It is important for the Mexican Institute of Social Security (MISS) to study the distributional behaviour of the mortality of retired people on disability because it enables the calculation of long and short term financial estimation, such as the assessment of the reserve required to pay the "minimum pensions". The data set refers to 280 lifetimes (in years) of retired women with temporary disabilities, which are incorporated in the Mexican insurance public system and who died dur- Next, we compare the KBG-GG and some of its sub-models with the EGOHC-Ga model to fit these data. We also present the fit of the special GOCH-Ga model when α = β . Table 3 provides the MLEs (and the corresponding standard errors in parentheses) of the model parameters and the values of the statistics AIC and BIC for the fitted models. The values of the AIC and BIC statistics reveal that the EGOHC-Ga model provides the best fits compared to other nine fitted models. Additional information can be obtained more visually from the fitted pdf, cdf and the histogram of the data in Figure 7 . In fact, for the current data, the EGOHC-Ga model provides a better fit then the others fitted models. The empirical scaled TTT transform can be used to identify the shape of the hazard function. The TTT plot for the actuarial data given in Figure 8 (a) shows an hrf. On the other hand, Figure  8 (b) shows that the estimated hrf of the EGOHC-Ga model is also increasing, indicating that this distribution is appropriate to fit these data. 
Data: Ozone level
The data correspond to daily ozone level measurements (in ppb = ppm×1000) that were collected in New York during May-September, 1973. These data were taken from Nadarajah (2008) and have been provided by the New York State Department of Conservation. Similar to the previous application, we compare the KBG-GG model and some of its sub-models with the EGOHC-LL model fitted to the current data. The fit of the special case GOCH-LL model, when α = β , is also reported. Table 5 provides the MLEs (and the corresponding standard errors in parentheses) of the model parameters and the values of the statistics AIC and BIC for the fitted models.
The fitted pdf, cdf given in Figure 9 as well as the TTT plot and estimated hrf presented in Firure 10 indicates that the EGOHC-LL model provides a good t for these data. Next, we present results by fitting the heteroscedastic and the location models given by
respectively, where the random variable Y i follows the LEGOHC-W distribution given in (5.2). For comparison, we also consider that Y i follows the log-Weibull (LW) distribution. The MLEs of the model parameters, the asymptotic standard errors of these estimates and the values of the AIC and BIC measures to compare the LEGOHC-W and LW heteroscedastic and location regression models are listed in Table 5 . Based on the figures in Table 5 , we conclude that the fitted LEGOHC-W heteroscedastic regression model has the lower AIC and BIC values than the location regression model. We also conduct the formal tests to verify the homogeneity assumption, based on the LR statistic described in Section 5. Based in the LR statistic, we reject the null hypothesis H 0 : τ 21 = 0, at 5% of significance level, in favor of the LEGOHC-W heteroscedastic regression model. The value of the LR statistic is w = 6.3 with the p-value 0.012.
Finally, Figure 12 provides the plots of the empirical and estimated survival function for the heteroscedastic and location regression models. These plots indicate that the heteroscedastic regression model provides a good fit to these data. 
Conclusions
We propose a new family of extended generalized odd Half-Cauchy-G (EGOHC-G) distributions which can include as special cases all classical continuous distributions. For any parent continuous distribution G, we can define the corresponding EGOHC-G distribution with two extra positive parameters. So, the new family extends several common distributions such as the gamma, Weibull, Gumbel and log-logistic distributions. The mathematical properties of the new family such as moments and generating functions are obtained for any EGOHC-G distribution. After, we introduce the called log-extended generalized odd Half-Cauchy-G (LEGOHC-G) distribution. Based on this distribution, we propose a very suitable heteroscedastic LEGOHC-G regression model for modeling lifetime data, which allows us to jointly model the location and dispersion parameters.
The new class of regression models can serve as a good alternative for lifetime data analysis and it is much more flexible than the usual heteroscedastic regression model in analyzing lifetime data in many practical situations. The potentiality of the proposed family is illustrated by a simulations study and also using three real data sets. We show that some models in the new family can produce better fits than those corresponding generated models from the log-logistic, Weibull, gamma and GOHC families using the same baseline distribution.
